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Abstract

We present here a general approach for determining analytic electrical potentials from the results of finite difference
calculations. Such an approach allows us to explore effects of realistic electrode structures that are not directly amenable to
analytic treatment. We then use this technique to find the effects of various modifications of hyperbolic electrode structures
of some practical interest by way of example. (Int J Mass Spectrom 207 (2001) 19–29) © 2001 Elsevier Science B.V.
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1. Introduction

The study of motion of charged particles begins
with the evaluation of the electric and magnetic fields.
Electric fields arise from charge distributions and
magnetic fields arise from current distributions. The
relationships among the fields, charges, and currents
are captured in Maxwell’s equations. Once the fields
are described properly, dynamical studies using a
variety of techniques can be undertaken, see, e.g.
Davidson [1]. Any general discussion of particle
motion lies beyond the scope of this article. Rather,
we focus on the specific problem of evaluating elec-
trostatic fields due to conductors. In many cases of
interest, particle dynamics are dominated by these
“external” fields. In other cases the electrostatic fields

are merely one component of a more complicated
problem that may require consideration of magnetic
fields, self-fields (e.g. space charge), light fields, etc.,
in any case, the electrostatic contribution must still be
considered. In the compact notation of electricity and
magnetism, we are seeking a solution of Laplace’s
equation:

¹2F~r ! 5 0 (1)

whereF(r ) is the electrostatic potential at a pointr .
The force on a chargeq at r is then given by

F~r ! 5 2q¹F~r ! 5 qE~r ! (2)

where the vectorE(r ) is the electric field. One of the
properties of the solution of Eq. (1) that we make use
of is “uniqueness.” This fact is proved in any elemen-
tary text on partial differential equations. What it
means is that having once founda solution for Eq. (1)
for a particular set of boundary conditions, it isthe* Corresponding author. E-mail: se_barlow@pnl.gov
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solution. In what follows we describe a “recipe” for
ensuring that our solutions are correct.

Before proceeding, it is worthwhile to note some
important definitions and usages. First, all of the
equations here are written in S.I. units unless stated
otherwise. Second, the term “potential” is used inter-
changeably with “electrostatic potential” and “electric
potential;” and the term “field” is used interchange-
ably with “electrostatic field” and “electric field.” The
potential is a scalar quantity, while the field is a vector
one. A third point concerns the use of the term
“static.” This term implies two things: first we assume
that the wavelengths of any electromagnetic field are
long compared to the dimensions of the system’s size;
and second, we assume that any motion is nonrelativis-
tic. For example, a Paul trap with an internal diameter of
2 cm and using a 1 MHz (l 5 300 M) rf trapping field
is essentially an electrostatic problem. By contrast the
same electrode structure can be placed in a magnetic
field of 1 T and used as a Penning trap for electron
storage. In this case the electron cyclotron frequency is
;30 GHz (l ; 1 cm) and therefore electrostatic ap-
proximations must be used with great care [2].

The older literature on ion and electron optics is
replete with techniques for evaluating the potentials
for a variety of electrostatic boundary value problems,
see, e.g. Spangenberg [3] or Grivet [4]. Today, the
labor required to find the potentials is reduced due to
the availability of computing resources. Nonetheless,
other aspects of this earlier work can still be usefully
employed. For example, a considerable amount of
work was done in characterizing electrostatic lenses in
analogy to their optical counterparts. The character-
ization then enabled the application of optical model-
ing techniques to be taken over almost wholesale.
Instrument designers continue to use these techniques
to this day [5]. In other applications, the potential may
be used directly to find analytic trajectories through
the use of Hamiltonian or Lagrangian dynamics [6].
Modern versions of potential solvers [7–10] often also
include trajectory calculations as well. (In fact, most
currently available codes provide only indirect access
to the potentials as we will discuss in the following.)
In any case, having an accurate analytic form of the
potential is the key to utilizing most of the early work.

Finally, as Dahl [10] pointed out in his introduction to
the SIMION code, the quality and usefulness of the
results of a calculation depend on the insight one
brings to the problem. Analytic forms of the potential
can be quite useful in this regard.

The increasing availability of computing resources
and programs have brought ion trajectory simulations
and studies within practical reach of most researchers.
Many such studies have been published [6–9] in the rf
ion trap literature, for example. Most studies generally
fall into one of two categories: either particle motion
in an analytic potential is examined or the problem is
set up in a finite difference program such asSIMION

[10], where the user specifies the boundaries and
particles and allows the software to do the work.
(Several such programs are compared in a recent
review article by Forbes et al. [9]) The articles of
Franzen et al. [11], Chu et al. [12], and Razvi et al.
[13] provide examples of the analytic potential ap-
proach. However, none of these authors give readily
implemented procedures for actually finding the po-
tential for real electrodes.

Here we show how data developed by finite dif-
ference relaxation calculations, e.g. from theSIMION

code, may be employed to find actual and accurate
potentials for realistic boundaries. Effects of trunca-
tions, gaps, holes, construction errors, etc., are readily
included in the analysis. The procedure here is spe-
cifically tailored for cylindrical boundary conditions
and domains, but can be adapted, in principle, to any
orthogonal coordinate system that is convenient. The
reader may at first find the mathematical manipula-
tions rather daunting, however, a little study will show
that they are readily automated. Much of the tedium
associated with actual calculation can be avoided by
employing computational aids [14–17]. In Sec. 2, the
steps required to find the potential from a finite
element calculation are treated in some detail. First,
we develop the necessary mathematical machinery,
starting with a general solution of Laplace’s equation
in cylindrical coordinates and proceeding through an
expansion in powers ofr andz—the multipole expan-
sion. Much of the material of Sec. 2 necessarily
revisits discussions found elsewhere, but is included
for the sake of completeness. Next we discuss the use
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of SIMION [10] for performing the finite element
calculations. Once the relaxation calculation is per-
formed, only a limited amount of the data is actually
needed, we discuss how one selects an appropriate
subset of that data. Finally, we show how the numer-
ical data can be inserted into the analytic forms
derived first to find the potential. In the examples of
Sec. 3, we examine hyperbolic electrodes and explore
the effects of truncation, endcap holes, “trap stretch-
ing,” ring slits and axial asymmetry on the potential.

2. Solving Laplace’s equation in cylindrical
coordinates

Advanced texts on electrostatics [18,19] give so-
lutions of Laplace’s equation,¹2F 5 0, in various
coordinate systems and these solutions form the starting
place for our treatment. However, these solutions require
a surface that exactly matches the orthogonal coordi-
nates. For instance, in Cartesian coordinates (x, y, z)
planes forming a rectangular prism are required, whereas
in cylindrical coordinates (r, u, z) cylinders or sections of
cylinders are used. Similar conditions apply to any other
coordinate system one may choose [20]. In these coor-
dinate systems, a solution of Laplace’s equation can be
effected by the method of “separation of variables”
where the partial differential equation separates into two
or three ordinary differential equations that can be solved
by standard means. The general result is a fearsome
looking sum over orthogonal functions (the basis func-
tions). In the familiar Cartesian coordinates, the sum
may include sines, cosines, and hyperbolic functions and
not coincidently bears a strong similarity to a Fourier
series [21]. Moving to cylindrical coordinates, we find
Bessel functions appearing; most symbolic manipulation
codes include them routinely [14–17].

Although many problems associated with charged
particle storage and transport employ cylindrical or
approximately cylindrical symmetry, none fully match
the rigorous requirements stated previously. In all real
systems, various compromises are required: spacing
between electrodes, apertures, and construction toler-
ances all must be considered. Too often, the experimen-
talist is left to wonder just how large these effects are and

what are the consequences. A limited amount of work in
this direction has been presented by Beatty [22] and
Gabrielse et al. [23], but their approaches lie outside the
resources of most workers. We have chosen instead to
tackle the problem with the widely usedSIMION [10]
code, but it is only one of several that are available. The
numerical methods of codes likeSIMION tend to produce
less precise results than the techniques of Beatty [22] or
Gabrielse et al. [23–24]. For this loss of precision, the
user gets a relatively easily used code that has enormous
flexibility for defining boundary conditions. Electrodes,
gaps, and apertures are all readily described, often
through a graphical user interface (GUI) that allows one
to visualize the system. Most of the work associated with
the calculations, goes into accurately inputting the
boundaries. (It does require some practise to use these
codes effectively, particularly in learning to scale the
input to maximize the effective resolution and at the
same time minimizing numerical distortion.)

2.1. Laplace’s equation in cylindrical coordinates

As stated previously we are restricting ourselves
here to cylindrically symmetric systems. Further, we
shall only be concerned with the “interior problem,”

Fig. 1. Wire frame schematic of hyperbolic electrode structure with
inscribed cylinder. See the text for discussion.
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i.e. all solutions of interest will contain the origin.
(Neither of these restrictions is essential. The results
here can be generalized considerably, but at the cost
of additional analysis.) Consider the cylinder illus-
trated in Fig. 1, the cylinder is centered on ther 5 0

axis and has a radiusc. The bottom and top of the
cylinder are located atzb andzt, respectively; further,
the cylinder contains no conductors, except possibly
at the wall. The solution to Laplace’s equation in this
volume can then be written [18,19] as

F~r , u, z! 5 O
s50

` 5a1,s cosF~2s1 1!p~2z2 zt 2 zb!

2~zt 2 zb! GI0F~2s1 1!pr

2~zt 2 zb! G
1 a2,s sinF2ps~2z2 zt 2 zb!

zt 2 zb
GI0F 4spr

zt 2 zb
G 6

1 O
s51

` 5 a3,s sinhF~z2 zt! js
c GJ0Fjsr

c G
2 a4,s sinhF~z2 zb! js

c GJ0Fjsr

c G6 (3)

Here,J0( x) is the Bessel function of the first kind of
order 0; andI0( x) is the modified Bessel function of
order zero. (See, e.g., Olver [26] or Watson [26] for
details.) The symbolj s is thesth zero ofJ0( x). If we
designate the potential on the top of the cylinder as
Vt(r , z 5 zt), that on the bottom asVb(r , z 5 zb)
and on the side asVr(r 5 c, z) we find for thea’s:

a1,s 5
2

~ zt 2 zb!I0F ~2s 1 1!pc

2~ zt 2 zb!
G

E
zb

zt

Vr~ z! cosF~2s1 1!p~2z2 zb 2 zt!

2~zt 2 zb! G dz,

(4)

a2,s 5
2

~ zt 2 zb!I0F 4spc

zt 2 zb
G

E
zb

zt

Vr~ z! sinF2sp@2z2 zb 2 zt#

zt 2 zb
G dz, (5)

a3,s 5
2

c2 sinhS~zt 2 zb! js
c D@J1~ js!#

2

E
0

c

Vb~r!J0Sjsr

c Dr dr (6)

a4,s 5
2

c2 sinhS~zt 2 zb! js
c D@J1~ js!#

2

E
0

c

Vt~r!J0Sjsr

c Dr dr (7)

where we useV(r , z) found from the finite difference
calculations as described in the following. Thea’s
tend to become rapidly small withs, so we find that
only a few of these terms need to be explicitly
evaluated unless we are interested in the solution very
near a boundary.

2.2. Multipole expansion of Laplace’s equation

For the cylindrically symmetric case, Laplace’s
equation is written as

1

r

­

­r S r
­

­r
FD 1

­2

­ z2 F 5 0 (8)

The solution of Eq. (8) can be written in terms of a
series expansion using Legendre polynomials, see,
e.g. Franzen et al. [11], p. 146. The Legendre poly-
nomials can be in turn be expressed as simple poly-
nomials in r and z. These polynomials have the
property that for each term of thenth polynomial,
r jzk; j 1 k 5 n. This form of the solution to Eq. (8)
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is known as the “multipole expansion.” Table 1 lists
the multipole expansion solutions of Eq. (8) through
the sixth order. Notice that every order ofz appears,
but owing to cylindrical symmetry, only even powers
of r are present. Also notice that we have chosen the
coefficients ofzn equal to unity in each case. We did
this to simplify our later notation, not because it is
otherwise significant. In a similar vein, we choose to

normalize the solutions byc, the radius of our
cylinder’s surface in Fig. 1, this too is a matter of
convenience. The total potential can then be written as

F 5 V O
n50

` Cn

r0
n Fn (9)

Here,V is some applied potential andr0 is a charac-
teristic radius that scales the actual size of the system.
The constants,Cn, depend only on the relative shapes
and dimensions of our boundary conditions and as
such are insensitive to scaling. Finally, we have
truncated the expansion at the sixth order, but it can
easily be extended to higher orders. Since each of the
terms in Table 1 are linearly independent of the
others, the coefficients, i.e., theC’s, can now be found
from Eq. (3). This is done most simply by settingr 5

0 and expanding the result in a Taylor series about
z 5 0. The resulting equations through the sixth
order are

C0 5 5 Os50

` Sa1,s cosF$2s1 1%p$zt 1 zb%

zt 2 zb
G 2 a2,s sinF2sp$zt 1 zb%

zt 2 zb
GD

1 O
s51

` Sa3,s sinhFzt js
c G 2 a4,s sinhFzb js

c GD 6 (10)

C1 5 5 pc

~ zt 2 zb!
O
s50

` 1a1,s@2s 1 1# sinF$2s1 1%p$zt 1 zb%

zt 2 zb
G

1 4a2,ss cosF2sp$zt 1 zb%

zt 2 zb
G 2

1 O
s51

` S2a3,s coshFzt js
c Gjs 1 a4,s coshFzb js

c GjsD 6 (11)

C2 5 5 p2c2

~ zt 2 zb!
2 O

s50

` 12
1

2
a1,s@2s1 1#2 cosF$2s1 1%p$zt 1 zb%

zt 2 zb
G

2 8a2,ss
2 sinF2sp$zt 1 zb%

zt 2 zb
G 2

2
1

2
O

s51

` SHa3,s sinhFzt js
c G 2 a4,s sinhFzb js

c GJjs
2D 6 (12)

Table 1
Solutions of cylindrically symmetric LaPlace’s equation through
sixth order; see the text for further discussion

Order Coef. Form (Fn) Name

0 C0 1 Monopole

1 C1/c z Dipole

2 C2/c2 21

2
r2 1 z2 Quadrupole

3 C3/c3 23

2
r2z 1 z3 Hexapole

4 C4/c4 3

8
r4 2 3r2z2 1 z4 Octopole

5 C5/c5 15

8
r4z 2 5r2z3 1 z5 Decapole

6 C6/c6 2 5

16
r6 1 45

8
r4z2 2 15

2
r2z4 1 z6 Dodecapole
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C3 5 5 p3c3

~ zt 2 zb!
3 O

s50

` 1
1

6
a1,s@2s 1 1#3 sinF$2s1 1%p$zt 1 zb%

zt 2 zb
G

1
32

3
a2,ss

3 cosF2sp$zt 1 zb%

zt 2 zb
G 2

1
1

6
O

s51

` Sa3,s coshFzt js
c Gjs

3 2 a4,s coshFzb js
c Gjs

3D 6 (13)

C4 5 5 p4c4

~ zt 2 zb!
4 O

s50

` 1
1

24
a1,s@2s 1 1#4 cosF$2s1 1%p$zt 1 zb%

zt 2 zb
G

2
332

3
a2,ss

4 sinF2sp$zt 1 zb%

zt 2 zb
G 2

1
1

24
O

s51

` Sa3,s js
4 sinhFzt js

c G 2 a4,s js
4 sinhFzb js

c GD 6 (14)

C5 5 5 p5c5

~ zt 2 zb!
5 O

s50

` 1
1

120
a1,s@2s 1 1#5 sinF$2s1 1%p$zt 1 zb%

zt 2 zb
G

2
128

15
a2,ss

5 cosF2sp$zt 1 zb%

zt 2 zb
G 2

2
1

120
O

s51

` Sa3,s coshFzt js
c Gjs

5 2 a4,s coshFzb js
c Gjs

5D 6 (15)

C6 5 5 p6c6

~ zt 2 zb!
6 O

s50

` 12
1

720
a1,s@2s1 1#6 cosF$2s1 1%p$zt 1 zb%

zt 2 zb
G

2
256

45
a2,ss

6 sinF2sp$zt 1 zb%

zt 2 zb
G 2

2
1

720
O

s51

` Sa3,s js
6 sinhFzt js

c G 2 a4,s js
6 sinhFzb js

c GD 6 (16)

Readers who are interested in employing the tech-
niques described here are encouraged to derive this set
of equations for themselves. We have found the use of
a symbolic manipulation program to be helpful [14–
17].

The development to this point is quite general,
requiring only cylindrical symmetry and the construc-
tion of a cylindrical surface centered on ther 5 0
axis and interior to the boundaries. For specific
applications the choice of thez 5 0 plane is crucial,
because of the Taylor series inherent in the multipole

expansion. Once the values ofCi are found for Table
1, they are specific to the particular origin we chose.
A coordinate transform to a new origin requires
re-evaluation of theC’s to ensure that the terms in the
expansion remain linearly independent. This point is
clear if we substitutez3 z9 1 a into the formulae of
Table 1. We see that each higher term is “contami-
nated” with lower order ones and the desirable fea-
tures of the multipole separation are lost. From a
practical standpoint, the choice of origin may be clear
from the problem or may require some experimenta-
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tion. For instance, in ion trap problems there is
generally a plane where the axial electric field is zero
or nearly so; this can be chosen as thez 5 0 plane as
ions will oscillate about this plane. Particular ques-
tions may well dictate the choice of a differentz 5 0
plane. We note that in the classic texts of Smythe [18]
and Jackson [19], both authors choosezb 5 0.

Once the cylindrical surface and the origin are
defined, Eq. (3) provides a complete solution inside
the cylinder. However, unless the cylinder’s walls are
also electrodes, we may wish to know how the
potential behaves outside of our cylinder. This ques-
tion can not be answered by Eq. (3). On the other
hand, the coefficients and formulae of Table 1 are
valid in the entire domain of the original relaxation
calculation with respect to the origins used in finding
the Ci ’s. The only restrictions are at or inside elec-
trodes themselves. Care must be exercised when
attempting to apply the results far from the origin
where the higher order terms can utterly dominate the
fields.

From the structures of Eqs. (3)–(7) it is apparent
that a good deal of simplification will result when a
plane of symmetry exists perpendicular to thez axis.
If the plane of symmetry exists atz 5 0, we can
replace zb 5 2zt; a2,s 5 0; a4,s 5 2a3,s; and
Codd 5 0. However, by not enforcing symmetry when
it is nominally present, we can identify numerical
problems. Ultimately, we find that all finite element
calculations are subject to errors of one sort or
another. Testing for and finding the error limits
provides guidance about the accuracy to which this
approach can be applied.

2.3. Setting up the problem inSIMION

By now, SIMION [10] is widely employed in the
design of ion optics and for studying ion trajectories
in mass spectrometers of various sorts. The discussion
here moves in a direction not visualized by the
program’s designers, but nonetheless is also a capa-
bility. (There is nothing particular toSIMION that
makes it a requirement for the work described here,
but some sort of numerical solution of the actual
boundary value problem is needed.)

SIMION works on an evenly spaced Cartesian grid.
When cylindrical symmetry is invoked, the Laplace
solver is changed to reflect this (see Dahl [10],
Appendix E). The user defines electrode structures on
this grid using either an input file or through the GUI.
The user also specifies the potential of each electrode.
Once electrodes and potentials are specified, the
program performs iteratively a series of “relaxation”
calculations to find the potential at each grid point.
When a specific convergence is reached, the program
declares the problem “solved,” and the calculated
potential at each point on the grid is stored in a
“potential array” or PA file.

A major challenge in employing finite difference
calculations is to find a resolution and scaling factor to
adequately capture features one wishes to include in
the model. For instance, in modeling hyperbolic
electrodes, it may be necessary to rescale the actual
structure in order to reflect the symmetries and spe-
cific geometric features such as the ratio of the endcap
spacing to ring diameter more accurately (see Fig. 2).
We have found that rescaling improves accuracy.

Second, a resolution must be chosen to permit
computation of particular features. For example, in
the trap calculations described in the following, we
are concerned with the effects of the holes in the
endcaps. For these to be modeled correctly, the hole
radius must encompass at least several grid points.
After a considerable amount of work we found grid
sizes of about 10003 2000 (radial and axial) points
gave excellent results. No improvement was found
when doubling the array size but the array was
adequate to allow us to incorporate the smallest
features in which we were interested. (Actually cut-
ting the array size in half produced little change as
well.) In particular, our endcap holes spanned about
30 radial grid points. Accuracy was also improved by
setting the potential to 1000 V, instead of 1 V, this
artifice permitted the program to work with larger
numbers thereby reducing the roundoff error. Quality
was judged in two ways, first we examined the change
in the potentials at selected points as the array size
was changed; and second we examined how well the
axial symmetry, which we did not enforce, was
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reproduced in the cases of the symmetric trap geom-
etries.

2.4. Extracting potentials

In order to apply the developments of Sec. 2.2 to
our relaxation calculation, we need to first define an
inscribed cylinder, see Fig. 1. We would like this
cylinder to be as large as is practical, because maxi-
mizing the number of points used in the numerical
integrations of Eqs. (4)–(7) improves the accuracy.
When employingSIMION [10] we are faced with the
additional practical difficulties of actually extracting
the potential values from the PA files. These difficul-
ties are twofold: first we must identify the appropriate
elements in the array and second we must manipulate
large files. For high resolution calculations, the file
size may exceed the capacity of standard spreadsheet
programs. To deal with these problems we wrote a
small program with a graphical interface. This pro-
gram allows the user to specify which set of points, in
the potential file to extract, e.g. (r 5 c, zb) . . . (r 5
c, zt); and it also shows a simple graph of the
potential. Once the appropriate set of points has been
identified, the program writes them in a format that
can be read by most spreadsheet programs. This
program and some supporting documentation is avail-
able from the Environmental Molecular Sciences
Laboratory (EMSL) website [30].

After the arrays are extracted to defineVr( z),
Vb(r ), and Vt(r ), they should first be examined
carefully to ensure that they do not inadvertently
overlap actual electrode structures. The clue is a
region of points whose potential value is that of an
electrode. With the complex electrode structures for
which the techniques here are most useful, this may
mean that points of the conductors actually intrude
into the cylindrical volume even if this is not apparent
from the GUI. Using such surfaces will produce
inaccurate results. For purposes of checking the cal-
culations, it is also useful to extract one or more
additional potential lines (e.g. ther 5 0 axis), the
value of the potential along these additional lines can
then be compared to the results of Eq. (9).

3. Example: study of hyperbolic traps

As an example of the application of the techniques
described previously, we have chosen to model hy-
perbolic traps which closely resemble actual electrode
structures that we have purchased or built. Fig. 2
illustrates cross sections of traps for which we have
made calculations. We started with a simple truncated
hyperbola design, then added endcap holes and
looked at the effects of removing a section of the
central ring—the “slotted ring” [28]. (These last two
geometries are very similar to ones we procured from
the RM Jordan Company [29].) Next we considered
the “stretched trap” where the interelectrode spacing
was increased by 10.8% as was approximately stan-
dard practice until recently [11,28]. (This electrode
structure closely resembles the design used by Tele-
dyne [33].) Finally we examined the characteristics of
the “asymmetric” ion trap [31], again considering the

Fig. 2. Schematic illustration of hyperbolic electrode structures
used for sample calculations. See the text for discussion.
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cumulative effects of truncation, endcap holes and
ring slots. (The latter two designs closely resemble
designs built by Alexander and Barlow [32].) Our
modeling started with an “ideal” hyperbolic ion trap
whose endcap spacing was=2 of the internal ring
diameter. Truncation of the electrodes was as illus-
trated in Fig. 2 and included the mounting flanges.
Holes in both endcaps were added whose diameter
were 0.075 times the ring diameter. The wide slot in
the center of the ring electrode was set at 0.19 times
the ring diameter to match actual trap assemblies. For
the case of the asymmetric trap, one endcap was set at
the nominal “correct” spacing and the other was
moved back and reshaped to match the harmonic
equipotential in just such a way that when biassed
with the opposite phase of rf and sign of dc potential
a harmonic well is produced [31].

Table 2 summarizes the results for the even order
terms of the eight trap electrode structures illustrated
in Fig. 2, plus theC0 and C2 of the ideal case. The
values ofC0 are, of course, of no dynamical conse-
quence in the study of trapped ions per se, however in
more general problems, e.g. externally generated ions,
C0 sets the energy scale. For our purposes, the
calculation ofC0 merely provided an additional check
on the correctness of our approach; typically we were
able to reproduce this value to better than 1 ppm. The
overall characteristics of the trap are largely deter-
mined byC2, but for rf trapping so long as it is in the
vicinity of 21, its absolute value is not critical. For
work in a Penning trap, precise knowledge ofC2 is
useful for absolute calibration of the system. Qualita-
tively, we see that the magnitudes of the nonlinear

terms arising from the electrode truncation are rather
modest, but of opposite sign to theC2 term. TheC4

and C6 terms increase when holes are placed in the
endcaps. The comparison between the nominal and
stretched trap geometry is particularly interesting. By
increasing the spacing between the electrodes, the
signs of bothC4 and C6 change; also at the 10.8%
stretch used in the calculations here, the magnitude of
C6 is reduced more than tenfold. As Franzen et al.
[11] have discussed, the combined effects of the sign
changes and reduction ofC6 both contribute to the
improved ion trap performance that this nonintuitive
step produced [28,34].

Table 3 summarizes the results for the odd order
terms. The terms in parentheses are nominally zero by
symmetry. Their nonzero value is a measure both of
our fitting quality and choice of thez 5 0 plane as
explained previously. Because all of the values are
small, we conclude that the calculations are adequate
for our purposes here. In the cases of the asymmetric
trap calculations, we found it necessary to adjust the
origin from our original guesses slightly
(,0.0025/r0 or 1 grid point). The result was many
orders of magnitude reduction in the values ofC1 in
each case; the otherC’s changed by about the same
absolute magnitude asC1, which was small.

Table 4 compares some of our results with those of
Franzen et al. [11]. These authors calculated the
effects of truncation and compared the effect of
truncation at 2r0 and 3r0. We truncated our electrodes
at 2.8r0, to closely match the dimensions of ion traps
that we actually use. With that said, the agreement
between the two sets of calculations must be consid-

Table 2
Calculated even orderC’s for nine variants of hyperbolic electrode structures

Trap type Fig. C0 C2 C4 C6

“Ideal” trap . . . 0.5 21 0 0
Truncated trap 2.a1 0.5007 20.9799 1.23 (10)24 1.07 (10)23

1 endcap holes 2.a2 0.5010 20.9784 4.52 (10)23 1.26 (10)22

1 ring slot 2.a3 0.4838 21.0044 22.72 (10)22 5.77 (10)22

Stretched trap 2.c1 0.5567 20.8777 21.51 (10)22 26.40 (10)23

1 endcap holes 2.c2 0.5569 20.8767 21.26 (10)22 21.02 (10)23

Asymmetric trap 2.b1 0.5007 20.9801 22.26 (10)24 8.02 (10)24

1 endcap holes 2.b2 0.5009 20.9792 2.13 (10)23 6.72 (10)23

1 ring slot 2.b3 0.4818 20.9855 23.07 (10)22 4.61 (10)22
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ered excellent. The small differences that do exist can
all be attributed to the details of the truncation of the
electrodes and differences in our approaches to eval-
uating the constants.

4. Discussion

The work described here was motivated by our
desire to understand features associated with rf trap
designs and their performance. What we have found is
a general procedure for accurately extracting electro-
static potentials from relaxation calculations. The
procedure can be applied to any system, but is
particularly straightforward for systems which pos-
sess cylindrical symmetry. Further, the procedure here
can be readily coded up thereby reducing the tedium
associated with moving large files about and concern
with arithmetic errors that are almost inevitable with
manipulating complicated expressions. One use that
we anticipate using ourselves is the investigation of
precision, i.e. we would like to be able to specify the

machining and assembly tolerances required to
achieve a particular end. This could result in consid-
erable savings of time and expense without compro-
mising performance.

Gridding techniques that are considerably more
sophisticated than those used in theSIMION code can
improve the accuracy of the calculation [23,35].
These techniques allow one to increase the density of
grid points in the vicinity of sharp changes in the
boundaries and often include much more sophisti-
cated treatments of the boundaries even when they are
relatively smooth. For instance, one can examine
effects of sharp edges versus chamfering of elec-
trodes. Codes that allow for such detail are generally
not easy to use, require large computational resources
and are either expensive or not publicly available.
Recently resources that address these issues have
become more available. We hope in the future to
extend our studies to take advantage of this opportu-
nity. In particular, we will be extending our treatment
to include fully three dimensional modeling where the
imposition of cylindrical symmetry can be relaxed.

Table 3
Calculated odd orderC’s for nine variants of the hyperbolic electrode structure; numbers in parentheses are nominally zero and the
asterisk denotes values that were set to zero

Trap Type Fig. C1 C3 C5

“Ideal” trap . . . 0 0 0
Truncated trap 2.a1 (21 [10]29) (3 [10]29) (3 [10]29)
1 endcap holes 2.a2 (29 [10]210) (3 [10]29) (22 [10]29)
1 ring slot 2.a3 (22 [10]29) (6 [10]29) (25 [10]29)
Stretched trap 2.c1 (21 [10]29) (3 [10]29) (22 [10]29)
1 endcap holes 2.c2 (21 [10]29) (2 [10]29) (21 [10]29)
Asymmetric trap 2.b1 0* 23.06 (10)24 23.30 (10)24

1 endcap holes 2.b2 0* 21.45 (10)23 23.81 (10)23

1 ring slot 2.b3 0* 25.18 (10)23 26.55 (10)23

Table 4
Comparison of our calculations of coefficients with results published by Franzen et al. [11], see the text

Trap type C2 C4 C6

Truncated trap, here (r 5 2.8r0) 20.9799 1.23 (10)24 1.07 (10)23

Franzen et al. [11] (r 5 3r0) 21.0000 3.66 (10)24 1.90 (10)24

Franzen et al. [11] (r 5 2r0) 20.9996 1.36 (10)23 2.01 (10)23

Stretched trap here 20.8777 21.05 (10)22 26.40 (10)23

Franzen et al. [11] 20.8940 21.43 (10)22 26.28 (10)23
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